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Abstract
We study the interaction of gauge fields of arbitrary integer spins with the constant
electromagnetic field. We reduce the problem of obtaining the gauge-invariant
Lagrangian of integer spin fields in the external field to purely algebraic problem
of finding a set of operators with certain features using the representation of the
high-spin fields in the form of vectors in a pseudo-Hilbert space. We consider such
a construction up to the second order in the electromagnetic field strength and
also present an explicit form of interaction Lagrangian for a massive particle of
spin s in terms of symmetrical tensor fields in linear approximation. The result




In spite of the long history [1, 2, 3] the problem of obtaining the consistent interaction
of high-spin elds is far from its completion now.
The problem of obtaining the consistent description of "minimal" interactions of
high-spin elds with Abelian vector eld plays a particular role as well as gravitational
interactions of such elds. In a sense these interactions are the test ones since they allow
one to connect the elds of high spins with the observable world.
It has been realized [4] that one cannot build the consistent "minimal" interaction
with an Abelian vector eld for the massless elds of spins s  3
2
in an asymptotically flat
space-time. The same is valid for the gravitational interaction of elds with spin s  2
[5]. It is possible to argue the given statement as follows [4]: The free gauge-invariant
Lagrangian for integer spin elds in the flat space has the structure L0 = @@ with
transformations  = @. The introduction of the "minimal" interaction means the
replacement of the usual derivative with the covariant one @ ! D. The gauge invariance
fails and a residual of the type [D;D]D = RD appears, where R is the strength
tensor of the electromagnetic eld or Riemann tensor. In the case of the electromagnetic
interaction for the elds with spins s  3
2
, one cannot cancel the residual by any changes
of the Lagrangian and the transformations in the linear approximation. Therefore, in
such a case this approximation does not exist, but since linear approximation does not
depend on the presence of any other elds in the system. This means that the whole
theory of interaction does not exist either. The same is valid for the fermionic elds.
In the case of the gravitational interaction the residual for the eld with spin 3
2
is
proportional to the gravity equations of motion: L0  i(  µγν)(Rµν − 12gµνR). One
can compensate such a residual by modifying the Lagrangian and the transformations.
As a result, the theory of the supergravity appears. For elds with spins s > 2 the
residual contains terms proportional to the Riemann tensor Rµν αβ . It is impossible to
cancel such terms in an asymptotically flat space. Hence, the gravitational interaction
does not exist for any massless elds with spin s > 3
2
. So, even if the massless high-spin
elds possess a nontrivial self-action, in any case they are "thing in itself".
These diculties can be overcome in several ways. In case of the gravitational inter-
action, one can consider the elds in a constant curvature space. Then, the Lagrangian
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for gravity would have an additional term L  p−g, where  is the cosmological
constant. Modication of the Lagrangian and transformations leads to mixing of terms
with dierent numbers of derivatives. This allows one to compensate the residual with
terms proportional to Rµναβ . The complete theory will be represented as series in the
inverse value of cosmological constant [6, 7]. This means the non-analyticity of theory
with respect to  at zero, i.e. impossibility of a smooth transition to the flat space. Such
a theory was considered in Refs.[6, 7, 8].
It is also possible to avoid these diculties if one considers massive high-spin elds
[9, 10].
In literature the electromagnetic [11] and gravitational [12, 13] interactions of arbi-
trary spin elds were considered at the lowest order. Under consideration of the inter-
actions, the authors start from the free theory of the massive elds in the classical form
[9]. The "minimal" introduction of the interaction leads to contradictions, therefore,
it is necessary to consider non-minimal terms in the interaction Lagrangian. Since the
massive Lagrangian for spin-s elds [9] is not gauge invariant, in such an approach there
are no restrictions of the form of non-minimal interaction and it is necessary to intro-
duce additional restrictions in order to build a consistent theory. For instance, when
studying the electromagnetic interaction [11], the authors have used the requirement
that tree-level scatering amplitudes must possess a smooth M ! 0 xed-charge limit in
any theory describing the interaction of arbitrary-spin massive particles with photons.
Under such requirement, the amplitudes do not violate unitarity up to center-of-mass
energies E  M=e. This restriction leads to the gyromagnetic ratio g = 2 for massive
particles of any spin. When investigating the gravitational interactions [12, 13], the
authors have required that tree-level amplitudes saturate the unitarity bounds only at
Planck scale.
It seems to us that it is more suitable to use the gauge-invariant approach when one
analyzes an interaction of massive elds [14, 4, 10, 15, 16]. Under this approach the in-
teraction is considered as a deformation [17, 10] of initial gauge algebra and Lagrangian1.
Although, generally speaking, the gauge invariance does not ensure the complete con-
sistency of massive theories but it allows one to narrow the search and provides the
1Of course, one must consider only a non-trivial deformation of the free algebra and Lagrangian,
which cannot be completely gauged away or removed by a redefinition of the fields.
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appropriate number of physical degrees of freedom. Besides, this approach is pretty
convenient and practical.
At present only the superstring theory claims to have the consistent description of
interaction of the high-spin elds. But interacting strings describe the innite set of
elds and the question about interaction of nite number of elds is still open. In the
case of the constant Abelian eld one can obtain a gauge-invariant Lagrangian that
describes the interaction for the elds of each string level. So, in Refs.[16, 18] the rst
and second massive levels of an open boson string were investigated. These levels contain
the massive elds of spin 2 and 3. However, as was shown in Ref. [18], the presence of the
constant electromagnetic eld leads to mixing of states on each string level. Therefore,
it is impossible to obtain an electromagnetic interaction for a single eld of spin s in
such approach.
In this paper we consider the interaction of an arbitrary massive eld of spin s with
homogeneous electromagnetic eld up to the second order in the strength.
We represent a free state with an arbitrary integer spin s as state jsi in a Pseudo-
Hilbert space2. Tensor elds corresponding to the particle with spin s are coecient
functions in the state jsi. We introduce a set of operators in the considered Fock
space. We dene the gauge transformations and necessary constraints for the state
jsi by means of these operators. The gauge-invariant Lagrangian has the form of
expectation value of the Hermitian operator, which consists of these operators, in the
state jsi. Using this construction, in section 2 we obtain the gauge-invariant Lagrangian
describing the particles with arbitrary integer spins in the massless and massive case in
terms of the coecient functions.
In the considered approach the gauge invariance is a consequence of commutation
relations of the introduced operators. Introduction of interaction by replacing usual
derivatives with covariant ones leads to a change of algebraic features of the operators
and as a consequence to the loss of the gauge invariance. The problem of restoring
the invariance is reduced to an algebraic problem of nding such modied operators
depending on the electromagnetic eld strength, which satisfy the same commutation
relations as initial operators in the absence of external eld. It is possible to argue
2The representation of free fields with arbitrary integer spins in such a form was considered in
Refs.[15, 19].
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existence of such operators from the consideration that the gauge transformation algebra
in the free case and in the presence of an external eld is the same (trivial)3. However,
we should note that in the massless case one cannot realize such a construction. For the
massive theory (section 3) we construct a set of operators having the algebraic features
of free ones up to the second order in strength. Besides, we give an explicit form of the
interaction Lagrangian in terms of the tensor elds for a special case of the constructed
linear approximation. In the Appendix we dwell on the case of massive spin-2 eld.
2 Free Field with Spin s
Massless fields. Let us consider the Fock space generated by creation and anni-
hilation operators aµ and aµ which are vectors in the D-dimensional Minkowski space
MD and which satisfy the following algebra
[aµ; aν ] = gµν ; a
y
µ = aµ; (1)
where gµν is the metric tensor with signature kgµνk = diag(−1; 1; 1; :::; 1). Since the
metric is indenite, the Fock space, which realizes the representation of the Heisenberg
algebra (1), is a Pseudo-Hilbert space.







Coecient function µ1...µs(x) is a symmetrical tensor of rank s in space MD. For this
tensor eld to describe the state with spin4 s one has to imposes the condition:
µµννµ4...µs = 0: (3)




s)  (@µs)− s
2






(@  @  s)  0s − 1
8
s(s− 1)(s− 2)(@  0s)  (@  0s) (4)
3But transformations for the massive fields are not trivial.
4We consider symmetric tensor fields only.
5
The following notation 0 = µµ... is used here while the point means the contraction of
all indexes s s def= µ1...µsµ1...µs . This Lagrangian is invariant under the transforma-
tion
µ1...µs = @(µ1µ2...µs−1); (5)
µµµ3...µs−1 = 0: (6)
Let us introduce the following operators in our pseudo-Hilbert space
L1 = p  a; L−1 = Ly1; L2 =
1
2
a  a; L−2 = Ly2; L0 = p2: (7)
Here pµ = i@µ is the momentum operator that acts in the space of the coecient func-
tions.
Operators of such type appear as constraints of a two-particle system under quanti-
zation5 [22]. Operators (7) satisfy the commutation relations:
[L1; L−2] = L−1; [L1; L2] = 0;
[L2; L−2] = N + D2 ; [L0; Ln] = 0;
[L1; L−1] = L0; [N;Ln] = − nLn; n = 0;1;2:
(8)
Here N = a  a is a level operator that denes the spin of states. So, for instance, for
the state (2) we have
N jsi = sjsi:
In terms of operators (8) condition (3) can be written as
(L2)
2jsi = 0; (9)
while gauge transformations (5) have the form
jsi = L−1js−1i: (10)






L2ji = 0: (11)
5It is also possible to regard operators (7) as a truncation of the Virasoro algebra.
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This condition is equivalent to (6) for the coecient functions.
Lagrangian (4) can be written as an expectation value of a Hermitian operator in
the state (2)
Ls = hsjL(L)jsi; hsj = jsiy; (12)
where
L(L) = L0 − L−1L1 − 2L−2L0L2 − L−2L−1L1L2
+ fL−2L1L1 + h:c:g : (13)
Lagrangian (12) is invariant under transformations (10) as a consequence of the
relation
L(L)L−1 = (:::)L2:
Massive fields Let us consider massive states of arbitrary spin s in a similar
manner. For this we have to extend our Fock space by means of introduction of a




= 1; by = b: (14)
Operators (7) are modied as follows:
L1 = p  a +mb; L2 = 1
2
(
a  a+ b2
)
; L0 = p
2 +m2: (15)
Here m is an arbitrary parameter that has dimensionality of mass. In non-interacting
case one can consider such a transition as the dimensional reduction MD+1 !MD ⊗ S1
with the radius of sphere R  1=m (refer also to[15, 19]).












The same as in the massless eld case, this state satises condition (9) in terms of
operators (15). The algebra of operators (8) changes weakly, the only commutator
modied is





Here, as in the massless case, the operator N = a  a + bb denes the spin of massive
states. The Lagrangian describing the massive eld of spin s also has the form (13),
where the expectation value is taken in the state (16). Such Lagrangian is invariant











which satises condition (6).
Having calculated expectation (13) we obtain the explicit expression for the La-














































































































































0n  0nC2n(2 + C1s−n)
}
: (18)


























n−4 = 0; (19)












Here f:::gs. denotes symmetrization over all indexes. At the same time condition (11)
can be written as
C2n
0n + C2s−n+1
n−2 = 0; n = 2; :::; s− 1: (21)
Obviously, the dimensional parameter m has the sense of mass of the state. For
convenience, hereinafter we assume m = 1.
One can derive the same result from (4) by means of the dimensional reduction
[23, 24] of massless theory.
It is worth noting that the massive higher-spin elds represented by Lagrangian (18)
are described by the rst-class constraints only6 from point of view of the Hamilton for-
mulation. As is well-known the "minimal" coupling prescription breaks the right number
of physical degrees of freedom. In the gauge manner of description this is represented as
breaking the gauge invariance and, as a consequence, breaking the algebra of the rst-
class constraints. But if we can restore the gauge invariance by some deformation of the
Lagrangian and the transformation, hence we can restore the algebra of the constraints
and, as a consequence, the right number of physical degrees of freedom. A construction
of such a type is considered in the next section.
3 Electromagnetic Interaction of Massive Spin s Field
In this section we consider the interaction of gauge massive elds of arbitrary integer
spin s with constant electromagnetic eld.
We introduce interaction by means of the "minimal coupling", i.e. we replace usual
momentum operators with U(1)-covariant ones pµ ! Pµ. The commutator of covariant
6The Hamilton formulation for the gauge-invariant description of the massive fields with spins 2 and
3 was considered in Ref. [25].
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momenta denes the electromagnetic eld strength
[Pµ;Pν ] = Fµν : (22)
For convenience we included the imaginary unit and coupling constant into the denition
of strength tensor.
In the denition of operators (15), we replace the usual momenta with the covariant
ones as well. As a result the operators cease to obey algebra (8). Therefore, Lagrangian
(13) loses the invariance under transformations (10).
To restore algebra (8), (17) let us represent operators (15) as normal ordered functions
of creation and annihilation operators as well as of the electromagnetic eld strength i.e.
Li = Li
(
aµ;b; aµ; b; Fµν
)
:
As a matter of fact, this means that these operators belong to extended universal en-
veloping algebra of Heisenberg algebra (1), (14). The particular form of operators Li is
dened from the condition of recovering of commutation relations (8) and (17) by these
operators. We should note that it is enough to dene the form of operators L1 and L2,
since one can take following expressions:
L0
def
= [L1; L−1] ; N
def
= [L2; L−2]− D + 1
2
: (23)
as denitions of operators L0 and N .
Since we have turned to the extended universal enveloping algebra, the arbitrariness
in the denition of operators7 a and b appears. Besides, in the right-hand side of (1)
and (14), we can admit the presence of the arbitrary operator functions depending on
a, b, and Fµν . Here, such a modication of the operators must not lead to breaking
the Jacobi identity. Besides, these operators must restore the initial algebra in limit
Fµν ! 0. However, one can make sure that using the arbitrariness in the denition of
creation and annihilation operators, we can restore algebra (1), (14) at least up to the
second order in the strength.
We shall search for operators L1 and L2 in the form of an expansion in the strength
tensor which is equivalent to that in the coupling constant.
7Such an arbitrariness has been also presented earlier as an internal automorphism of the Heisenberg-
Weil algebra defining the Fock space [26]. But exactly the transformations depending on Fµν are
important for us.
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Let us consider the linear approximation.
Operator L1 should be no higher than linear in operator Pµ, since the presence of its
higher number changes the type of gauge transformations and the number of physical




1 = (aFa) h0(b; b)b+ (PFa) h1(b; b) + (aFP) h2(b; b)b2: (24)
At the same time operator L2 cannot depend on the momentum operators at all, since
condition (9) denes purely algebraic constraints on the coecient functions. Therefore,
at this order we choose operator L2 in the following form:
L
(1)
2 = (aFa) h3(b; b)b
2; (25)






where H in are arbitrary real coecients. We consider only the real coecients since
the operators with purely imaginary coecients do not give any contribution to the
"minimal" interaction.
Let us dene the particular form of functions hi from the condition recovering com-
mutation relations (8) by operators (24) and (25). This algebra is entirely dened by
(23) and by the following commutators
[L2; L1] = 0; (26)
[L2; L−1] = L1; (27)
[L0; L1] = 0: (28)
Having calculated (26) and passing to the normal symbols of creation and annihilation
operators, we obtain a system of dierential equations for the normal symbols of operator
functions hi. For the normal symbols of the operator functions we shall use the same
notations. This does not lead to the mess since we consider the operator functions as the
functions of two variables while their normal symbols as the functions of one variable.















1(x)− h2(x)− h3(x) = 0:
Here the prime denotes the derivative with respect to x, while x = , where  and 
are the normal symbols of operators b and b, correspondingly.

























+ h00(x) + 2h3(x) = 0:

















−2x + d2; (31)
h3(x) = 0:
Here d1 and d2 are arbitrary real parameters. Using (31) we obtain from (28)
h0(x) = 1− d2:
The transition to the operator functions is realized in the conventional manner:















= :hi(bb) : :
So, normal symobls of operators Ln has the following form in this approximation:
L
(1)






















0 = (1− 2d2) (F) +
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where µ and µ are the normal symbols of operators aµ and aµ. Since operator L2 has
not changed in the linear approximation, hence from (23) it follows that operator N and
constraints (19), (21) have not changed either.
Thus, we have obtained the general form of operators Ln which obey algebra (8)
in the linear approximation. This means that Lagrangian (13) is an invariant under
transformations (10) at this order.
From (32) it is clear that there exists the two-parametric arbitrariness in the linear
approximation. But one of the arbitrary parameters d1 and d2 is determined in the sec-
ond approximation In this, there are two solutions: when d1 vanishes and d2 is arbitrary,
and vice versa, when d1 is a free parameter and d2 is equal to
1
2
. One can verify that the
gyromagnetic ratio vanishes in the second case. Below we will consider the rst solution
only. Having set d1 = 0 we calculate expectation value (13) and obtain the linear in Fµν
expression of the Lagrangian describing the e.m. interaction of massive eld of spin s in






1− 2d2 + 2 (d2 − 1)C1s−n + (3− 2d2)C2s−n








































































































































































































































































(1 + 2 (s− n))
{
(F  P) n−1
}
s.






P  F  n+1
)




fF  ngs. :
It is worth noting that the construction obtained is free from pathologies. Indeed, the
gauge invariance ensures the appropriate number of physical degree of freedom. In
this, the model is causal in linear approximation since by virtue of the antisymmetry
and homogeneity of Fµν the characteristic determinant
8 for equations of motion of any
massive state has the form D(n) = (n2)p + O (F 2), where nµ is a normal vector to the
characteristic surface and the integer constant p depends on the spin of massive state.
The equations of motion will be causal (hyperbolic) if the solutions n0 to D(n) = 0 are
real for any ~n. In our case condition D(n) = 0 corresponds to the ordinary light cone
at this order.
8The determinant is entirely determined by the coefficients of the highest derivatives in equations of
motion after gauge fixing and resolving of all the constaraints [27].
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Let us consider the quadratic approximation in the strength. The same as at preced-
ing order, if one takes the general ansatz for operators L1, L2 and requires the recovering
of relations (8), we will obtain a system of inhomogeneous dierential equations at the
second order. As was stated above, this system has the two solutions for parameters d1
and d2 and we choose the solution when d1 vanishes and d2 is arbitrary. According to
our choice, operators L1 and L2 have the following form in this approximation:
L
(2)

































































































−2β¯β (1− 2)+ c1 (1 + 2))
+
(










Here c1, c2, c3, and c4 are arbitrary real parameters.
In contrast to the preceding order, operator L2 and, correspondingly, N and con-
straints (19), (21) depend on Fµν in this approximation.
Operator L0 is dened via the commutator of operators L1, L−1. The part that is







d22 − 2c4 +
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Thereby, we have restored algebra (8) up to the second order in the electromagnetic
eld strength. It means that we restored the gauge invariance9 of Lagrangian (13) at the
same order as well. Here we have not used the dimensionality of space-time anywhere
explicitly, i.e. the obtained expressions do not depend on it.
4 Conclusion
In this paper we have constructed the Lagrangian describing the interaction of massive
elds of arbitrary integer spins with the homogeneous electromagnetic eld up to the
second order in the strength. It is noteworthy that unlike the string approach [16] our
consideration does not depend on the space-time dimensionality, and, moreover, we have
described the interaction of the single eld with spin s while in the string approach the
presence of constant electromagnetic eld leads to the mixing of states with dierent
spins [18] and one cannot consider any states separately.
We should note that the case of a constant Abelian eld can be easily extended to a
non-Abelian case in linear approximation. In this case we have to consider the external
eld as the covariantly constant one. Here, one should take the whole vacuum as j0i⊗ei,
where ei are a basis vectors in space of linear representation of a non-Abelian group.
The covariant derivative has the form @µ + A
a
µT
a, where T a are operators realizing
the representation. In linear approximation such a modication does not change the
algebraic features of our scheme and, therefore, all the derived results are valid in this
case as well.
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9Which ensures the right number of physical degree of freeedom if we do not consider terms with
higher number of derivatives.
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A Massive spin-2 field.
Here we consider the propagation of the massive spin-2 eld in the constant electromag-
netic background. The following state in the Fock space corresponds to such eld
j2i = f(a  h  a) + (v  a) b+ ’b2gj0i:
It is easy to see that this state trivially satises condition10 (9).
Having calculated the expectation value of operator (13) in this state we derive the
following Lagrangian in linear approximation







kl’− hD2’ + h:c:
)




















(3d2 + 2)FklvmDkhlm + 2(d2 − 1)FlmhklDkvm + (d2 + 1)FklhDkvl
+ 3Fkl ’Dkvl)− h:c:
)
+ 4(2d2 − 1)Fklhlmhkm + Fklvlvk; (32)
where h = gklhkl.
The gauge vector for the massive spin-2 state is
j; 2i = f(  a) + bgj0i:
Condition (11) gives non-trivial constraints for gauge vectors of massive states with spin
3 and higher only.
From (10) we obtain the following gauge transformations for Lagrangian (32) in this
order




vk = iDk + k + i
3
2
d2FkmDm + (1− d2)Fkmm;
’ =  + id2FklDkl:
Let us x the gauge invariance by means of the gauge condition
vµ = 0; ’ = 0:
10One can verify that condition (9) imposes not-trivial restrictions only on states with spin 4 and
higher.
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D2h−Dmnhmn − h− d2FmpD2mnhnp
)
−D2(kl)h+ 2D(kjmhmjl)
−D2hkl + hkl + d2FmpD(kjmhpjl) + d2Fm(kD2l)mh)
− d2Fm(kjDmnhnjl) + 2(2d2 − 1)Fm(kjhmjl); (33)
where Lg is Lagrangian (32) in the gauge under consideration. From these equations of








h = 0: (34)
Thereby, we have the appropriate number of the constraints and, respectively, the ap-
propriate number of physical degree of freedom at this order.
Now we briefly consider the question of causality of the massive spin-2 state in linear
approximation. Using relations (34) and equations of motion (33), one can infer that










Thereby, from the condition D(n) = 0, we obtain the usual light cone in this approxima-
tion, i.e. the massive spin-2 state has the causal propagation in the background under
consideration.
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